INTRODUCTION
The triple jump is a demanding athletics event which, after an approach run, is divided into the hop, step (skip or bound), and jump phases, all executed in one continuous sequence. The hop is a sort of cycling movement -the athlete jumps from one leg, cycles this leg through, and ends on the runway with the same leg. The immediately following step is from the takeoff leg to the opposite leg, and the final jump, from the non-takeoff leg, is very similar to the long jump. The distinct phases must be learned and practised to combine them in one successful (long distance) event. During the three take-off actions a jumper is exposed to increased risk of injury due to the high impact forces from the ground and powerful muscle/tendon efforts, which are further reflected in the internal loads of the lower limb joints. The triple jump is therefore one of the most technically and physically demanding athletic events [11, 13] .
The previous studies on triple jump focused mainly either on qualitative analyses of the individual athlete techniques [12] , biomechanical loading from the ground [13] or more specific aspects of the optimum phase ratio [16] and function of arm swing motions [2] (see also [1, 11] for a broader review). The present contribu-
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ABSTRACT:
The triple jump is a demanding athletics event that, after an approach run, consists of three consecutive phases: the hop, the bound, and the jump. During the involved three take-off actions a jumper is exposed to increased risk of injury due to the high impact forces from the ground and powerful muscle/tendon efforts, which are further reflected in the internal loads of the lower limb joints. While external ground reactions can possibly be measured using force platforms, in vivo measurements of the internal loads are practically not feasible. The purpose of the paper is to present the development of an effective formulation for the inverse dynamics simulation of the triple jump, based on the jumper dynamical model and non-invasive kinematic recordings of the movement. The developed simulation model serves for the analysis of all the triple jump phases, irrespective of whether the jumper is in flight or in contact with the ground with one of his feet, and is focused on effective assessment of the external reactions on the supporting leg as well as the muscle forces and joint reaction forces in the leg. Some numerical results of inverse dynamics simulation of the triple jump are reported.
KEY WORDS: triple jump, biomechanical loadings, inverse dynamics tion attempts to supplement the studies with the inverse dynamics simulation of the triple jump, aimed at quantitative evaluation of external and internal loads during the movement. The insight into how the muscle forces interact to produce the movement and assessment of the internal loads in lower limb joints may be of importance for better understanding of the triple jump technique and possible injury mechanisms. While inverse dynamics analysis, based on musculoskeletal modelling and non-invasive kinematic recordings, is intensively used in studying the biomechanics and motor control of human movement [8, 14, 15, 17] , its applications to triple jump analysis are rare.
MATERIALS AND METHODS
Modelling preliminaries. The crucial feature of the present modelling effort is a uniform formulation for the inverse dynamics study of all the distinct phases of triple jump, irrespective of whether the jumper is in flight or in contact with the ground. Under the assumption that the motion of all the body segments is executed, with some exactitude, in the planes parallel to the sagittal plane, a planar C of distribution of λ r in p directions can easily be formulated (not reported here for brevity).
Models of actuation
Two models of actuation are considered. The deterministic model of actuation involves torques that represent the
FIG. 1. THE MODELLING ISSUES: A) TORQUE-ACTUATED MODEL, B) LOWER LIMB MUSCLES, C) GROUND REACTIONS
FIG. 2. THE KINEMATIC CHAIN OF THE RIGHT LOWER LIMB, THE OPEN-CONSTRAINT COORDINATES AND THE RESPECTIVE REACTION FORCES IN
THE LIMB JOINTS (1) resultant muscle action in all k=16 model joints (Fig. 1a) .
In the nondeterministic model of actuation, k" = 3 torques in the supporting leg are replaced with the action of m=9 muscle forces seen in Fig. 1b ,
, where are the torques in the supporting leg, and are the k' = k -k" = 10 torques in the other joints, the nondeterministic model of actuation is related to , which is a mixed set of resultant muscle torques and muscle forces.
Due to this hybrid model of actuation, attention can be focused on a more detailed analysis of internal loads in the supporting leg, while retrieving the dynamic interaction between the upper body and the locomotion apparatus; see also [5] , where a similar methodology was introduced.
The generalized actuation force vector u f in Eq. (1), respectively for the deterministic and nondeterministic models of actuation, is The formulation of τ B is evident. It is a sparse matrix with two nonzero entries, equal to either 1 or -1, in each column [5] .
is more challenging. Each muscle in the lower limb must be modelled considering its action on the skeleton segments. Of special importance is accurate identification of the muscle paths relative to the skeleton [9, 21] to determine the muscle moment arms around the joints. Consequently, the effective origin and insertion points must be estimated, where the muscle forces are applied to the model segments. These aspects are discussed in more detail in [4] .
RESULTS
Determinate inverse dynamics problem. The developed human body model can be used for the inverse dynamics simulation of the triple jump. The input data for the simulation are measured (numerically smoothed) kinematic characteristics of the movement, ) (t d p and
are not involved). Depending on the actuation model, the inverse dynamics problem that arises is then either determinate or indeterminate. In the determinate inverse dynamics problem the k = 13 resultant muscle torques τ u in all the joints and the l r = 3 external reactions λ r on one foot can explicitly be determined (total number of the unknowns equals the number of degrees of freedom of the system, r = k + l r = 16). To achieve this the initial dynamic equations defined in Eq. (1) 
Indeterminate inverse dynamics problem
The indeterminate inverse dynamics problem (redundant problem in biomechanics [8, 14, 15, 17, 18] ) is consequent to control of overactuation in musculoskeletal joints if muscle forces are introduced as actuators. The problem is usually solved using optimization techniques that apply some predetermined criteria to share the muscular 
FIG. 4. RESULTS OF INVERSE DYNAMICS SIMULATION OF THE THREE TAKE-OFF ACTIONS
eas (PCSA) of the muscles. Denoting F = A σ, and then A H H = , the muscular load sharing problem in the supporting leg can be stated as the following optimization scheme:
where σ min and σ max are the physiologically allowable minimal and maximal values of muscle stresses. In this way a solution σ d (t) and then F d (t) = A σ d (t) related to the lower limb is found, which substitutes for the resultant muscle force torques τ΄΄ d (t).
Determination of joint reactions in the supporting leg
Using the muscle forces
in the supporting leg, assessed from the decomposed indeterminate inverse dynamics problem, and the ground reaction forces λ rd (t) and resultant muscle torques τ΄ d (t).
obtained from the determinate inverse dynamics problem, one can estimate the joint reactions in the supporting leg. To achieve this an effective method described in [3, 4, 5] can be applied. In this method, the previously used relationship identity matrix. As explained in detail in [3, 4, 5] , using E ′ ′ one can effectively determine the joint reaction forces in the supporting leg joints, i.e.
The solution takes into account the ground reaction forces (during the contact phases), the contribution of the tensile muscle forces to the internal loads, and the dynamic interaction with the whole body motion.
Identification of the model
The anthropometric data used in the developed simulation model include the lengths of the segments, locations of their mass centres in the local coordinate frames, and their masses and central moments of inertia. The locations of the shoulder and hip joints in the local reference frames of segments 2 and 4, and the distance from the ankle joint A to point P, are also required (Fig. 1a) . The segment lengths were directly measured from the subject, and the competitor mass was 70.1 kg.The segment masses, locations of their mass centres and the central moments of inertia were then estimated using the regression equations reported in [17, 18, 22] , which were concerned with a series of additional measurements of characteristic lengths and sizes of the subject body. The lower limb musculoskeletal model required in addition the cross-sectional areas of the modelled muscles, and then the origin and insertion point locations in the local reference frames of appropriate segments. Of special importance was identification of the muscle paths relative to the skeleton [9, 21] . This involves, in particular, estimation of the muscle force arms with respect to appropriate joints [4] .
Kinematic data
With the consent of the subject taking part in the experiment, the triple jump performance was recorded using a set of synchronized digital cameras (100 Hz), and the X and Y coordinates of a set of p = 19 base points on the athlete's body were digitized from the photographic images. The base points were marked on the jumper's skin so as to coincide with k = 13 model joints, and p -k = 6 additional base points were defined at the external segment tips, seen as black dots in Fig. 1a . With the coordinates of the base points,
, and
, the position of each segment in the sagittal plane was defined by two appropriate base points.
Then, for the ith segment, using the coordinates of its two assigned base points and the segment anthropometric data, the segment absolute coordinates
were determined. Repeating this for all the segments, the transformation The acceleration at the kth sample was found numerically as
Simulation results
The analysis was limited to three landing and take-off phases, together with some short flying periods before and after the contacts with the runway (the contact phases were chosen for the expected high external reaction forces, reflected in the internal loads of the lower limbs). More strictly, Phase 1 starts after the approach run, just before the jumper touches the take-off board with the takeoff leg, covers the whole subsequent contact, and, after the take-off for the hop, includes a short period of the hop flight. Likewise, Phase 2 corresponds to the transition from the hop to the step (from the first to the second jump), and Phase 3 relates the transition from the step to the final jump. All the three phases are illustrated in Fig. 3 , and the inverse dynamics simulation results can be seen in Fig. 4 .
DISCUSSION
As seen from the first-row graphs in Fig. 4 , the assessed maximal (7) weight (G = 687 N) of the jumper. The maximal horizontal ground reactions were found just after landing during the second and third take-off actions, respectively 910 N and 1258 N (1.3 and 1.8 times body weight). The peak values and time histories of the ground reaction force components are similar to those obtained in [7] , where a moderate long jump was analysed. On the other hand, the peak values of ground reactions during the triple jump reported in [13] are much bigger, ca. 15 and 3 times body weight respectively for the vertical and horizontal components in the braking portion of the step contact phase in the jump (here Phase 3). These were, however, the values measured from the force platform, and the values related to the impact forces (not represented in our calculations due to the smoothed kinematic data). Moreover, the triple jump distances reported in [13] were more than 14 m, while the distance analysed in this paper was approximately 12.5 m. There were also differences in the values of contact times. Respectively for the hop, step and jump, the contact times reported in [13] were 0.139 s, 0.157 s and 0.177 s, while in our study these were ca. 0. 
CONCLUSIONS
The human motion apparatus is extremely complex and, as such, very difficult to model. For these reasons the models used in the inverse dynamics analyses always involve simplifications and inaccuracies. In the literature (see e.g. [8] for a review) advanced analyses exist which incorporate the quantification of muscle force sensitivity with diverse modelling parameters. Some critical model parameters are associated with the assumptions related to the musculotendon paths and the effective attachment points of the tendons [4, 9, 21] . The physiological cross-sectional area of muscles is the other parameter that significantly affects the magnitude of muscle force estimates. Also of importance is the way the raw kinematic data are processed before they are used in the inverse dynamics simulation [17] . Finally, the muscle force estimates are influenced by muscle decomposition and recruitment criteria used in the force sharing optimization process [4] . Nonetheless, though the inverse dynamics simulation is always burdened with possible large inaccuracy, it remains the only available non-invasive method for assessment of the internal loads during human movements.
The reported evaluations show that, while the external (ground) reactions in the triple jump can be considered as moderate, the internal loads in the lower limbs may be extremely high. This situation is reflected in frequent injuries of locomotion apparatus structures, and different diseases after longer sport activity [1, 11, 13] . Knowledge of the muscle forces and joint reactions during the triple jump can be of great importance for risk assessment. More reliable assessment of the external and internal loads needs further improvements of the proposed simulation model. The filming frequency of 100 Hz should also be increased to register the contact phase effects with improved accuracy.
